
THE CHARLIER B-SERIES
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1. Introduction. The so-called B-series of Charlier [2](0 has been con-

sidered in two forms, one for functions defined on the whole real axis ("con-

tinuous case") and one for functions defined on the integers ("discrete case").

In either case the formal series is

00

(1) }(x) ~ 22 a»A"0(s),
n-0

where

(2) A"0(x) = ¿ ( -1) "Cn,kd(x - k) ;

d(x) is given by

(e-x\x/xl, x è 0,
(3) d(x) = \

\       0, x<0,

in the discrete case (integral x) and by

(4) d(x) = (2x)-1e~x I    exp {-ixu + \eiu}du
J  -.T

in the continuous case; (4) reduces to (3) when x is an integer. There are

various formulas for the coefficients an.

The series (1) has an extensive literature; for bibliography see [O], [6], [8],

and [9]. However, no attention seems to have been paid to the possibility

that some sequence of finite sums of the form

(5) 22 ¿N)àd(x)
¡fc-0

might give a better approximation to a given/(x) than the partial sums of (1)

can do. Since in practice only a finite number of terms can be used, this

possibility seems to be worth investigating. It turns out that the partial sums

of (1) do not in general give as good an approximation as other sums (5) ; this

may explain the fact that (1) has been applied successfully to practical prob-

lems although the conditions for its convergence appear rather restrictive.
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Let us first consider the discrete case and suppose, as is customary, that

f(x) =0 for x= — 1, —2, • • • . The most precise results are those of Schmidt

[7], who showed that (1) converges (with the appropriate an) if and only if

the function

(6) F(z) = £/(»)*"
n= 0

is analytic in \z\ <1 and in |z —1| <1 and is continuous, with all its deriva-

tives, in the closure of this region; in the case of practical interest when

f(n)^0, (1) converges if and only if limn,M f(n)2nnk = 0 for k=0, 1, 2, • • • ,

so that F(z) is analytic in \z\ <2 and continuous, with all its derivatives, in

|z| g2.

However, we shall show in this paper that if 22ñ-o \f(n)\2 converges,

which requires only a little more than the analyticity of F(z) in \z\ <l,f(x)

can be uniformly approximated (and rather more) by sums (5). A suitable

choice of the coefficients anN) in (5) is

(?) an    =e(-l)   2^ Ci,n2^ —-—/(*);
l=n k-0    (I  —   ")'■

these coefficients have the additional property that they make (5) agree

exactly with/(x) forx = 0, 1, 2, • • • , N. The usual formula for the coefficients

an in (1) is

(-1)"   " d"
(8) an = ±—{- 22 /(*) — (z"*™)-t

»I     k-o dzn

1      QO min(fc,7i)

(9) = -£/(*) 72  (-i^iCn.A.iX*-'
n\ k-o i-o

(io) = -22Cn.i(-iyu\"->22f(k)Ck.i.
nl i=o k-i

If we are to use a finite number of terms of (1) and a finite number of terms

of (9) or (10) to obtain approximate coefficients, there is nothing to tell

us where to break off the series (9) or (10) to get the best result for a given

number of terms of (1). A different formula for the coefficients in (1) can be

found by expanding e~u in a power series before differentiating in (8) ; then

we get

<*»=(-l)nZ/(A)    Í2     c^(-x)»-v«.
,.,. fc=0 I=max(Jc,n)

i   (-\y-k

l~n /t-0    [t  —■   «j !
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Thus, in order to approximate to f(x) by a finite sum (5) of N+Í terms, we

may break off the formal series (11) for an at 1 = N to get oj, \

It should be noted that the coefficients (7) do not give the closest approxi-

mation of f(x) by sums (5) even when they converge, and are thus not, in

general, suitable for practical curve-fitting. Some practical aspects of the

problem are discussed elsewhere by the author [0].

We now turn to the continuous case. Here most of the results in the litera-

ture are negative. Selberg [9] showed that (1) cannot converge uniformly on

every finite interval if f(x) ^0, and that, unless the Fourier transform of f(x)

vanishes outside (— x, x), the series cannot represent/(x) (with uniform

convergence on every finite interval). The special character of the functions

representable by (1) in the continuous case is somewhat surprising since

Jorgensen [5] claims to apply it successfully to practical problems.

We now ask, not when (1) will converge tof(x), but when finite sums of

the form (5) will give a good approximation to f(x). As a measure of the

closeness of the approximation we shall use the mean square difference,

2

(12) f   \f(x) - J2 «f V*(«)
w —oo n== 0

dx.

Let g(x) be the Fourier transform off(x). We find that, iff(x)(EZ2(— «, x,)

and/(x) =0 when x is a negative integer, (12) can be made arbitrarily close

to (2x)_1/|X|>T | g(x) 12dx. When g(x)=0 almost everywhere in |a;| >x, so

that (12) can be made arbitrarily small, a suitable choice of the coefficients

anN) is (7), so that the coefficients depend only on the values of/(x) for integral

x (these values are known to determine f(x) in this case).

If g(x)=0 almost everywhere in |x| >x, the problem of minimizing (12)

will be shown to be equivalent to that of minimizing

N

(13) f(x) - 22 ¿N)Ad(x)

This leads us to consider (13) on its own merits. For functions f(x) of

integral x, the convergence to zero of (13) is a rather strong kind of con-

vergence, since it implies more than the uniform convergence of the sums (5)

over x = 0,1,2, • • • . Nevertheless, if we suppose only that ¿2x=o 1/0*012< °°i

(13) can be made arbitrarily small if the coefficients an } are chosen in accord-

ance with (7).

It is of some interest to consider the possibility that the series (1) con-

verges in the mean, that is, that (12) or (13) approaches zero, with a„ inde-

pendent of N. We shall show that this is impossible in the continuous case

if f(x) 3; 0 (in agreement with Selberg's result for convergence on every finite

interval). For the discrete case, we find that convergence in the mean of (1)

implies that the function F(z) of (6) is analytic in |l— z\ <2; if f(x)^0,

F(z) is even analytic in \z\ <3.
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Selberg [8], [9] studied the generalization of (1) in which (3) and (4) are

replaced by

(14) 6(x) = (2«)-J f   é(u)e~ixudu.

In the rest of this paper we shall consider the more general 6(x) given by

(14); all the special hypotheses to be placed on 6(x) will be satisfied by the

original function (4).

We shall also, in most of the paper, eliminate the need for supposing that

f(x) =0 for x= —1,-2, • • • , by generalizing (1) to include, in addition to the

differences An6(x) defined in (2), the differences

(15) V«Ö(*) = ¿ (-l)*C7„0(x + k).

This makes the theory more symmetrical.

2. The continuous case. It is sometimes convenient to think of (14) as

/OO

é(u)e-ixudu,
-00

where é(u) belongs to L2 and we define <p(m) to be 0 outside ( — x, x). We have

for n=0, 1, 2, • • • ,

(17) A"d(x) = (2x)-! f   é(t)(l - e^ye-^'dt,

(18) Vnd(x) = (2x)-! f   é(t)(l - e-il)ne-ixtdt.

Let/(a) belong to L2( — », oo). We consider the problem of finding coeffi-

cients ak and bk (in general depending on n, although in order to simplify the

notation we do not indicate this dependence) which will minimize the expres-

sion

2

dx.
/oo | n n

\f(x) - 22 akAkd(x) -  22bkVkd(x)
-oo 1 *—0 k—1

Let

(20) g(x) =   f   e^f(t)dt,
J  -oo

where, as usual in the theory of Fourier integrals, the integral is taken as a

limit in the mean of fEf as T—>oo. By Parseval's formula for Fourier trans-

forms, we have
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2irDn =   f    I g(t) - é(t) Ê «»(1 - *")* - é(t) ¿ bk(l - *-«)*]  dt
J -oo I k=0 k=l

(21) =  f        \g(t)\2dt+ flg(t)-é(t)22^(í-eil)k
J    \t\>T J  —I I *-0

-é(t)22bk(l - <r")*
A-l

From (21) we see that

2

dt.

(22) 2x£>„ â G m f       \ g(t)
J   \t\>T

. ?dt,

so that the minimum of Dn is certainly positive unless g(t) = 0 almost every-

where outside (—x, x).

Let us now suppose that 0<m^\é(t)\ ^M< °° almost everywhere in

(—x, x). Let í/é(t) and g(t) have the Fourier series

CO

(23) 1/0(0 ~ 22 PneM,
n=—oo

oo

(24) g(t) ~ 22 yneint;
n——oo

then the Fourier series of g(t)/é(t) is

(25) g(t)/é(t) ~ ¿ cne»»,
n=—co

where

00

(26) C„   =    22    Pkyn-k-
A—00

Now the Fourier series of a function of L2 converges in the mean, and so if

e>0 we can find an n such that f-Z\ g(t)/é(t) — 22î=-nCkeat\ 2 dt<t. We

then can determine Ok (k = 0, 1, • ■ ■ , n) and bh(k = l, ■ • • , n) so that

n n n n

£ fl*(l - e<0* + E ¿*(1 - e_i0* = E **«<*' + Z c_^-ii!,
*=0 &-1 i-0 k=l

that is,

(27) a, = (-iy22Ci.ua, bh = (-l)*¿C».i^.
l=k l=k

Since
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2irDn = G +  \      I é(t)Í g(t)/é(t) - 22 a„(l - e")* - ¿ Ml - r*V
2

dt,

and m^\é(t)\ SM almost everywhere in (—x, w), it follows that 2irDn^G

+ M2e, where G is defined in (22). Thus Dn can be made arbitrarily small by

suitable choice of ö* and bk if C7 = 0, and only if G = 0; also, we can have bk = 0

(l=¿áw) if and only if c_* = 0 for 1 = 1, 2, • • • .

We collect our results so far in a theorem.

Theorem 1. Let /(x)£Z,2(— oo,  oo) and let g(t) be its Fourier transform

(20). Let 0<m-¿ \é(x)\ ^M< oo almost everywhere in (—x, it). Then

(28) min   f "!/(*) - ¿ aíVo(*) - ¿ b."Ve(x)
•f —oo I A—0 fc=l

if Ä«d only if g(t) =0 almost everywhere outside (—x, 7r) ; aw¿

/(*) - E«i"W
-oo I ft-0

dx = 0

2

da = 0

z/ and only if, in addition, all the Fourier coefficients of negative index for

g(x)/é(x) are zero. The minimum in (28) and (29) is taken with respect to all

sequences {atn)}, {b™}.

Now let us suppose that g(t)=0 almost everywhere outside (— x, x);

then in the Fourier series (24) for g(t) we have yn=f(n). If we also have/(w)

= pn = 0 for n < 0 in the series (23) for 1 /é(t), we have the following expression

for the Fourier coefficients (26) of g(t)/é(t):

i n

On = 22 Phf(n - k), » è 0,
(30) ¡fc-o

cn = 0, n < 0.

Hence we have the following theorem.

Theorem 2. Letf(x)£Z<2(-», cc) and let its Fourier transform g(t) vanish

almost everywhere for \t\ >ir. Let 0<m^\é(x)\ ^M< <x> almost everywhere in

( —x, x). Let f(n) =0 for n= —1, —2, ■ • • , and let all coefficients of negative

index in the Fourier series (23) for l/6(t) be zero. Then

2

dx = 0,
j» oo 1 n

(31) lim   I      /(at) - 22 ain)Ad(x)

where

(32) ¿n) =(-!)" J2 Ct,k22pif(l-7)-
l=k i-0
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The coefficients (32) were determined so that 22"-o atn) (l—eu)k is identi-

cal with the terms in 1, eil, • • ■ , eint of the Fourier series of g(t)/é(t), so that

the corresponding Fourier coefficients of g(t)/d>(t)— 22"=o <*»* (l—eu)k are

zero. If all the Fourier coefficients of negative index of </>(/) are zero (as they

are for Charlier's function (4)) this means that the coefficients of 1, etí, • • • ,

eint are all zero for g(t)—é(t)22l-o af (l—e")k; but these coefficients are

precisely f(x)— 22t-o aín) Akd(x), x=0, 1, 2, • ■ ■ , n. Thus in case all the

Fourier coefficients of negative index of #(i) as well as of l/é(f) are zero, the

sums in (31) agree exactly with/(at) for x = 0, 1, 2, • • • , n.

In particular, the hypotheses on é (x) are satisfied by d>(x) =exp }X(eia! —1)},

the original Charlier function. We have, in fact, pk=e'K(—\)k/k\ for&^O,

pk = 0 for k<0. Thus in this case we have formula (7) for a„ , and exact

agreement with/(x) for k=0, 1, 2, • • ■ , N.

3. The discrete case. Here x takes only integral values. We have

(33) d(x) = (2x)-! f   é(u)e~ixudu

and

OO

(34) é(u) ~ 22 d(x)eixu.
X—OO

We suppose as before that 0<m| |</>(«)[ = M< oo.  Let us assume that

22-«> \f(x)\2 converges; then we can define

(35) g(t) =  ¿ e^f(x)
X=—oo

with the series converging in mean square, and seek to minimize

(36) Dn=  22 f(x) - 22 ain)Akd(x) - 22 bTVd(x)ik a e(x) - 2^ *
*—0 A-=l

where Akd(x) and Vkd(x) are defined in (17) and (18). Now

(37) /(*) = (2x)-! f   g(t)e-ixtdt,     x = 0, ±1, ±2,

hence

(38) 2irDn =  f r\g(t) - 0(0¿ at\l - e)" - é(t)¿ b?\l - e"")*
J —* I ¿-0 k—X

2

dt.

This is precisely (21) under the assumption that g(t) =0 almost everywhere

outside ( — x, x). Moreover, if f(x) is defined for nonintegral x by (37), it

satisfies the hypotheses of §2. Hence we have the following theorem.
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Theorem 3. The problem of minimizing Dn defined by (36) for an f(x)

defined for integral xwith 22-°° \f(x)\2 convergent is equivalent to the problem

of minimizing Dn defined by the equation (19) for an f(x) defined for all real x

with /"„o |/0*012dx convergent and with the Fourier transform of f(x) vanishing

outside ( — x, x).

We can now translate Theorems 1 and 2 into theorems for functions of the

integral-valued variable x.

Theorem 4. Let ¿2-» |/(*)|2 converge and let g(t) be defined by (35). Let

0<m^\e(x)\ — M<.<*> almost everywhere in ( — ir, x). Then

ik A d(x) - 2-, •
k=0 k=X

(39) min ¿2 /(*) ~ £ <U A *(*) - £ bïVd(x)
—oo

and furthermore

2

= 0;

(40) min fit) - 22 a^A^x) = 0

if and only if all the Fourier coefficients of negative index for g(x)/é(x) are zero.

The last condition is satisfied if f(x) =0 for x= —1, —2, ■ ■ • and all Fourier

coefficients of negative index in the Fourier series (23) for l/é(t) are zero. In this

case the coefficients a™ are given by (32). If in addition all Fourier coefficients of

negative index of é(t) are zero, the sums in (40) agree with f(x) for x = 0, 1, 2,

4. Representation by a series. In general we may expect to get a closer

approximation to f(x) by using linear combinations of Ak6(x) other than the

partial sums of the formal series expansion of f(x). However, it is of interest

to ask when the series will furnish a good approximation, in the sense that

dx = 0\f(x) - 22akAkd(x)
-oo I /t-0

(continuous case) or

CO Tl 12

(42) lim    22   /(*) - E a*A*0(x) |    = 0
n->»    x=_00 |

(discrete case), where the ak do not depend on n. We shall consider only the

particular case (which includes the original 8(x) of (3) and (4)) where (in the

continuous case) g(t)=0 almost everywhere outside (—x, x), the Fourier

coefficients of negative index of l/<p(t) are zero, and 6(x) =f(x) =0 for x= —1,

— 2, • • • . Then from our results so far it follows that (41) and (42) are

equivalent to
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(43) lim   fr\g(t) -é(t)22^(l-e",
n-»»  J -T \ k~0

y dt = 0.

If (43)  holds, the series   22t-o a¡4>(t)(í—eu)k converges in mean square;

hence its general term converges to zero in mean square. That is,

lim a« |2 f   I 0(0 I21 1 - eil\2ndt = 0,

or

lim 22" | an |2 f    | 0(0 |2 sin2" (t/2)dt = 0.
n—oo J _T

Under our hypotheses, \é(t)\ ^m>0 and so

I 0(012 sin2" (t/2)dt è 22" | an\2m2 I    sin2" (f/2)di

= 22»+1| an\2mV2T(n+ l/2)/n\;

consequently

(44) an = ö(2-"w1'4),

and so 22n-o an(l—eu)n converges for \t\ <x, since |l— eil\ <2 if \t\ <x.

Hence, almost everywhere in (—x, x),

(45) g(t) = *(/) ¿a*(l -«")*■
k—0

Now we also have

00

(46) g(t)/é(t) = E c"«<ni. I * I < »i
n—0

where the c„ are given by (26). Let us consider the following functions in

\z\ <1:

OO 00 00

f(z) = E/(«)zB.     *(*) = S P»zn<     p(z) = £ c"zn = *"(*)*(*);
n—0 n—0 n—0

here />„ and cn are the coefficients in (23) and (26). Since £| c„\2 converges,

P(z) has, by a well known theorem (see, for example [10, p. 244]), radial

boundary values P(eu) on \z\ =1, equal (according to (45)) to g(t)/é(t) for

almost all t. Now consider

(47) H(z) = ¿ 0,(1 - *)•,
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where the an are the coefficients in (43). By (44), H(z) is analytic in 11 — z <2

and by (45) H(ea) =g(t)/é(t) almost everywhere in -iráíár, since |z =1

is (except for z= — 1) inside the circle where H(z) is analytic. Thus H(z) pro-

vides an analytic extension of P(z) into | 1 — z\ <2 and so F(z) is analytic in

11— z\ <2 provided that V'F(z) is. Now let
CO

(48) $(z) = £ 0(ra)z";
71=0

since 22o° Q(n)eint is the Fourier series of é(t), and 22o pneint is the Fourier

series of 1/0(0, we have $(z) = lfâ(z) on \z\ =1 and so wherever either

function is analytic. Hence F(z) is analytic in ] 1— z\ <2 if f>(z) is. We thus

have the following theorem.

Theorem 5. If (i)6(x) =f(x) =0forx= — 1, —2, • • • ; (ii) (in the continu-

ous case) g(t) =0 almost everywhere outside (— ir, ir); (iii) all the Fourier coeffi-

cients of negative index of l/é(t) are zero; (iv) <£(z) defined by (48) is analytic

in 11 — z\ <2; and (v) (42) holds, then F(z) is analytic in \ 1 —z\ <2.

In particular, the original 6(x) of (3) and (4) satisfies the hypotheses.

Conversely, if F(z) and 'F(z) =l/i>(z) are analytic in ¡1—z|<2, and

H(z)=F(z)V(z), let H(z) = £„"_„ an(l -*)» for | 1 -z| <2; if £0" o»(l -««)"

converges in mean square on |z| =1, under our hypotheses on 0(0 we have

(43). This will in particular be true if H(z) is analytic in 11 —z] ^2. Hence

we have the following partial converse of Theorem 5.

Theorem 6. If hypotheses (i), (ii), (iii) of Theorem 5 are satisfied and if

F(z) and l/$(z) are analytic in \ 1 — z\ ^2, then (43) is true. In particular, in

the discrete case the series (1) converges uniformly. The coefficients ak in (43)

are obtained by taking N= oo in (7).

Uniform convergence in the discrete case was established by Selberg [8]

if l/$(z) is analytic in |l— z\ ^2 and £/(«)3" converges (so that F(z) is

analytic in \z\ <3); Selberg assumes somewhat less about 6(x) than we do,

however.

We next consider the effect of having/(re) ^0. In this case F(z) is a power

series with non-negative coefficients and consequently has a singular point

at the real positive point on its circle of convergence; see, for example, [10,

p. 214]. But if the hypotheses of Theorem 5 are satisfied, F(z) has no singular

point in — 1 <x <3, and so must be analytic at least in \z\ <3. Hence we have

the following theorem.

Theorem 7. If, in addition to the hypotheses of Theorem 5,/(»)2:0, then

F(z) is analytic in \z\ <3.

In the continuous case, if f(x)^0, f(x)^0 for x = 0, 1, 2, • • • , and

f(x) =0 for x = — 1, —2, • • • , and if (41) holds, we know that g(t) =0 almost
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everywhere outside (—x, x). It follows that g(t) cannot be analytic at t = 0.

In fact, it is well known [3, p. 90] that, if f(x)^0, and g(n)(0) exists for

n = l, 2, • • • , then /T«, \x\nf(x)dx exists for w = l, 2, • • • , and so gw(t)

exists for n = l, 2, • • • and all t. Furthermore, |g(2n>(0| ^|g(2n)(0)|

= (2ir)-1f?„x2nf(x)dx=iJLin,say.Therefore [l,p. 12] | g<2"+»(0| ^ VfJvnßin+i)1'2.

It follows that g(t) is analytic at every t if it is analytic at / = 0.

On the other hand, we have H(z) analytic, in particular, at \z\ =1, and

H(eil) =g(t)/é(t) in a (real) neighborhood of t — 0. If now t is regarded as a

complex variable, H(elt) is analytic in a (complex) neighborhood of t = 0 and

so g(t)/é(ï) is analytic at 1 = 0. Since g(i) is not analytic at /=0, 0(0 cannot

be analytic there either. We have thus established the following theorem.

Theorem 8. If f(x) f&0, f(x)l%0 for x = 0, 1, 2, • • • ,f(x)=0 for x=-l,
— 2, • • ■ , and 0(0 is analytic at t = 0, then (41) cannot hold.

This was shown by Selberg [9] under somewhat different hypotheses on

0(0, and for uniform convergence on every finite interval instead of (41), but

under the more restrictive hypothesis that f(x) 2:0 for all real x instead of

for all integral x.
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